Abstract. We consider the differentiation of integrals of functions in Besov spaces with respect to the basis of arbitrarily oriented rectangular parallelepipeds in R n . We study almost everywhere convergence with respect to Bessel capacities. These outer measures are more sensitive than n-dimensional Lebesgue measure, and therefore we improve the positive results in [4] .
Introduction.
Let R be the basis of all arbitrarily oriented rectangular parallelepipeds in R n with diameter less than 1. In [4] we studied the differentiation of integrals of functions in the Besov spaces B α,q p (R n ), α > 0, 1 ≤ p, q ≤ ∞, with respect to this basis. In particular we proved that if f ∈ B α,q p (R n ), then the set
has zero Lebesgue measure when αp > n − 1. Here |R| denotes the Lebesgue measure of the set R.
In this paper we improve the above result by measuring the exceptional set E f in terms of Bessel capacities, which are more sensitive than n-dimensional Lebesgue measure, and arise naturally in the context of Besov spaces (see [2] and also [3] on strong type estimates for homogeneous Besov capacities).
For β > 0, consider the Bessel kernel given by G β (ξ) = (1 + 4π 2 |ξ| 2 ) −β/2 , ξ ∈ R n . The Bessel potential J β (convolution with G β ) maps isomorphically B α,q p (R n ) onto B α+β,q p (R n ) (see for instance, [10] , [11] ).
The Bessel capacity C β,p , β > 0, p > 1, is defined for E ⊂ R n by
The capacity C β,p is an outer measure defined in all subsets of R n . We have |E| = 0 whenever E is a measurable set with C β,p (E) = 0. So, the statement
The relation of C β,p with H r , Hausdorff measure of dimension r, is given by the following : If p > 1 and 0 < β < n p , then H n−βp (E) < ∞ implies C β,p (E) = 0, and C β,p (E) = 0 implies H n−βp+ε (E) = 0 for every ε > 0. As a consequence the Hausdorff dimension of sets with C β,p (E) = 0 is at most n − βp. For more properties of C β,p see [2] , [6] .
When α > n p the functions in B α,q p (R n ) are continuous and then, in this case, C β,p (E f ) = 0 follows trivially for every β > 0. Thus, the interesting cases correspond to α ≤ n p . The main result of this paper is the following:
The proof of the above theorem is based on a local strong type inequality for the maximal operator associated with the basis R, involving Besov norms and L p -norms, see (3.2) . In section 3 we prepare for the proof of Theorem 1.1 and state the theorem regarding this strong type inequality. As a corollary we get a local weak type inequality in terms of Bessel capacities (Corollary 3.2).
In [1] it is studied the relationship between capacitary weak type inequalities of maximal operators and strong type L p estimates for these operators. Capacitary estimates lead to differentiation of integrals of functions in L p in terms of capacities. This does not apply to our setting since the maximal operator associated with R is not bounded in L p (R n ), p ≥ 1. In [7] , it is also studied the differentiation of integrals of functions in Besov spaces in terms of appropriate capacities, under the assumption of the boundedness in the Lebesgue spaces of the corresponding maximal operators.
In section 4 we present the tools that help us in the proof of the local strong type inequality (3.2). In particular, we prove a trace inequality which is interesting by itself (Theorem 4.1). In section 5 we end the proof of Theorem 1.1. We start with section 2 where we present an overview on Besov spaces.
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Overview on Besov spaces.
For a general theory on Besov spaces see [11] , [10] , [5] .
We define the Besov spaces B α,q p (R n ) for α > 0 and 1 ≤ p, q ≤ ∞. Let Ψ be a radial Schwartz function whose Fourier transform is nonnegative, is supported in the annulus 1 2 ≤ |ξ| ≤ 2, and satisfies
The Littlewood-Paley operator P j is defined by
Consider also the function Φ defined by Φ(ξ) = j≤0 Ψ(2 −j ξ) when ξ = 0, and
is finite (with the obvious changes for q = ∞). The space B α,q p (R n ) equipped with this norm is a Banach space. Different choices of the function Ψ give comparable norms. We have the following imbedding results for Besov spaces: 
is the set of infinitely differentiable functions on R n , with compact support. 
where c is a constant independent of f and g. c) We have
Finally, as already mentioned in the introduction, we have
Preparation for the proof of the main result.
A local strong type inequality.
The principal ingredient in the proof of Theorem 1.1 is a local strong type inequality for the maximal operator associated to the basis R. Let us do some standard calculations that will clarify the path to be followed.
Because of the imbedding theorem for Besov spaces (Theorem 2.1), it is enough to work with q = 1.
Set t > 0 and E t (f ) = {x ∈ R n : Γf (x) > t}. Theorem 1.1 will follow if we prove that C β,p (E t (f )) = 0 for every t > 0, 0 < β ≤ α − n−1 p . Let M be the maximal operator associated to R,
Using the definition of C β,p , and that
Therefore, to prove that C β,p (E t (f )) = 0 it is enough to show that both terms above can be made arbitrarily small by choosing an appropriate g ∈ C ∞ 0 (R n ).
is not a problem. In order to control the other term we prove a local strong type inequality for M. More precisely, Theorem 3.1 (A local strong type inequality).
where C is a constant independent of f and ρ.
Using the definition of capacity as in (3.1) leads to the following Corollary 3.2 (A local weak type inequality).
supp (h) ⊂ {x : |x| < ρ}. Then we have
4. Tools for the proof of the local strong type inequality.
A trace inequality and a pointwise inequality.
If x ∈ R n we set x = (x , x n ) where x ∈ R n−1 and x n ∈ R. For a function f of variable x ∈ R n , we write f (·,
for the norm in B α,1
Trace operators for Besov spaces are continuous and they lower the index of regularity when changing dimensions. For instance, if f ∈ B α,1 p (R n ), α > 1/p, then the function of variable x , f (x , x n ), belongs to B α−1/p,1 p (R n−1 ), and we have
.
It is possible to keep the same parameter of smoothness in both sides of the above inequality if we integrate with respect to x n . The following theorem, that contains precise results in this direction, will be useful for the proof of the local strong type inequality (3.2).
Theorem 4.1 (A trace inequality). If
where C is a constant independent of f.
We prove this Theorem at the end of this section.
The proof of the following pointwise inequality can be found in [4] . See also [8,
where M hl denotes the one dimensional Hardy-Littlewood maximal operator.
Proof of Theorem 3.1. Because of the imbedding theorems for Besov spaces (Theorem 2.1) it is enough to consider the case α = n−1 p .
Taking L p -norms in R n in (4.2) and using that supp(f ) ⊂ {x : |x| < ρ}, that the sets in R have diameter less than 1, that M hl is bounded in L p (R), p > 1, and by Theorem 4.1 we have
and therefore
Then there exists F ∈ L p (R n ) such that Mf N → F in L p and almost everywhere with respect to Lebesgue measure. Fix x such that Mf N (x) → F (x) and R ∈ R such that x ∈ R, we have .
Proof of Theorem 4.1. Consider f ∈ C ∞ 0 (R n ) and let P j be the Littlewood-Paley operator in the variable x ∈ R n−1 , associated to a function Ψ as in definition (2.1). For k ≥ 1 write f k = P k (f ) and f 0 = Φ * f . Since f = k≥0 f k and q = 1, it is enough to prove
